We demonstrate that in-bulk vortex localized modes, and their surface half-vortex ("horseshoe") counterparts (which were not reported before in truncated settings) self-trap in two-dimensional (2D) nonlinear optical systems with PT -symmetric photonic lattices (PLs). The respective stability regions are identified in the underlying parameter space. The in-bulk states are related to truncated nonlinear Bloch waves in gaps of the PL-induced spectrum. The basic vortex and horseshoe modes are built, severally, of four and three beams with appropriate phase shifts between them. Their stable complex counterparts, built of up to 12 beams, are reported too.
Self-trapped vortices and surface modes are of great interest in the context of the PT -symmetric settings. Indeed, the study of nonlinear surface modes pinned on the interface of a PT -symmetric system opens a way to explore the interplay between surface effects, the nonlinearity, and the PT -symmetry. On the other hand, the analysis of localized vortices supported by PT -symmetric PLs should shed light on the cooperation and competition of the PT -symmetry with the azimuthal instability and spatial periodicity.
In this work, we show the existence of in-bulk and surface self-trapped states in 2D nonlinear systems with PT -symmetric PLs. In particular, we report in-bulk solitary vortices and novel half-vortex surface modes. Stable half-vortex surface modes appear as "horseshoes" pinned on the interface between a uniform linear medium and a nonlinear medium with built-in PT -symmetric PL. The in-bulk vortices and surface "horseshoes" have a common linear stability region at intermediate values of propagation constants.
We consider the light propagations in two nonlinear systems with PT -symmetric PLs: a uniform setting of the nonlinear PT -symmetric PL, and a composite setting of the nonlinear PT -symmetric PL at the left side (x < 0) and a uniform linear medium at the right side (x > 0). Assuming that the light propagates along the z-axis, the amplitude of the electromagnetic field is written as E(x, y, z, t) = E(x, y, z)e i(Γz−ωt) , with carrier wavenumber Γ and frequency ω. With the effective refractive index including contributions from the complex PL and the Kerr effect, n PL = n PL 0 + n R (x, y) + in I (x, y) + n NL |E| 2 , the amplitude obeys the nonlinear Schrödinger equation with the complex potential,
Here, k 0 = ω/c is a constant, n PL 0 is the background refractive index, n R (x, y) and n I (x, y) are real and imaginary (gain/loss) parts of the spatial modulation of the local index, and n NL is the Kerr coefficient. Similarly, the light propagation in the linear uniform medium obeys the paraxial equation
with the respective real refractive index, n lin 0 . We normalize the equations by defining ζ = 2Γw 2 0
]z with an arbitrary scaling factor w 0 . The accordingly rescaled form of Eqs. (1) and (2) is
with
with amplitudes V 0 and θ of the modulation of the real and imaginary parts of the refractive index. This PL is a 45
• counterclockwise rotation of the one considered in Refs. [23, 24] . Its band-gap structure can be derived by using the plane-wave expansion method based on the Floquet-Bloch theorem, see Fig. 1 
(a).
To combine Eqs. (3) and (4) into a single equation, we define a step function, U (ξ) = 1 at ξ < 0 and U (ξ) = 0 at ξ > 0:
The stationary solution with real propagation constant b is looked for as q(ξ, η, ζ) = u(ξ, η)e ibζ , where complex function u(ξ, η) obeys equation To find the stationary self-trapping solutions, we used numerical simulations with the modified squaredoperator method [48] . While the existence and stability of the simplest single-beam solitons in the present setting is quite evident, as the first step of the analysis we produce double-beam self-trapped states. For b = −2.70 and G = −20, the in-bulk and surface double modes are displayed in Fig. 1(b,c) . Due to the presence of the interface, the intensity of the surface self-trapped states is larger than the in-bulk ones, at the same prop-agation constant. The dependence of the total power, P = |u (ξ, η) | 2 dξdη, on the propagation constant b demonstrates that the power of the surface modes is also larger than that of the in-bulk ones, see Fig. 1(d) . Different from the single-beam solitons [47] , both surface and in-bulk self-trapped states in the semi-infinite gap do not exist near the first Bloch band in Fig. 1(d) .
Stability of the self-trapped modes was investigated by means of the linearization for small perturbations. To a given stationary state, q 0 (ξ, η) = u(ξ, η)e ibζ , the perturbation is added as q 1 (ξ, η) = ǫ[F (ξ, η)e δζ + G * (ξ, η)e δ * ζ ]e ibζ with infinitesimal ǫ [23, 47] , where F (ξ, η) and G(ξ, η) are two perturbation eigenfunctions, δ is the corresponding growth rate, and the star ( * ) stands for the complex conjugate. From Eq. (5), the following linearized equations are derived:
As usual, the self-trapped mode is linearly unstable if there is an eigenvalue with Re(δ) > 0. As seen in Fig. 1(e) , the two-beam in-bulk and surface self-trapped modes have a common stable region, with Re(δ) = 0, at intermediate values of propagation constants b. The predicted stability of the modes has been verified in direct simulations of Eq. (5) with 5% random noise added as an initial perturbation, see an example for b = −2.70 in Fig. 1(f) . Adding more beams with phase shifts between them, one can construct composite vortices. For an example, a composite vortex with the total phase circulation of 2π may appear as a four-beam complex with the off-site vortex core in the center and the phase shifts π/2 between adjacent beams [49] . We have found that the composite vortices can exist in the system of the uniform setting. The intensity profile and phase distribution of a typical stable four-beam vortex in the uniform setting system are shown in Fig. 2(a) and (b) for b = −3.00. Near the interface in of the composite setting system, there are no complete vortex modes, while there appear essentially new surface modes, in the form of half-vortices ("horseshoes"), built of three beams, see Figs. 2(c) and (d). The dependence of the power P on the propagation constant b shows that, although the half-vortex mode (c) is built of three beams, its power P is larger (near the first Bloch band) than that of the in-bulk vortex mode (a), which is composed of four beams, see Fig. 2(e) . The linear stability analysis shows that there exists a common stability region at intermediate values of propagation constants b for the in-bulk vortices and surface "horseshoes", see Fig. 2(f) .
On top of the simple few-beam self-trapped states, like the conservative 2D nonlinear systems [50] , our PTsymmetric systems can also support complex multi-beam ones built of up to 12 beams, see Fig. 3 . Due to the interaction between individual beams, their intensity is larger at the center of the structure, the intensity difference gradually vanishing with the increase of propagation constant b. Near the interface in the truncated system, there are no beams located in the linear medium, while the near-interface beams become stronger, see Fig. 3(c,d) . Power P increases with propagation constant b for both the in-bulk and surface self-trapped states, see Fig. 3(e) . Results of the linear-stability analysis for these states, displayed in Fig. 3(f) , reveal a common stability region for the in-bulk and surface modes, at intermediate values of propagation constants b.
By simulating the beam propagation with 5% random noise, we have verified the stability of the vortex modes, as shown in Fig. 2 , and of multi-beam ones, see Fig. 3 . In particular, Fig. 4(b) demonstrates that the phase distri- bution of the input vortex mode keeps the phase-winding structure. Thus, the direct simulations corroborate the predictions of the linear-stability analysis.
In conclusion, we have found several novel species of inbulk and surface self-trapped states in 2D Kerr-nonlinear optical systems with PT -symmetric PLs (photonic lattices). These include stable in-bulk localized vortices and surface half-vortices ("horseshoes"). The self-trapped modes are related to truncated nonlinear Bloch waves, the surface modes being linked with the truncated inbulk ones. Along with the basic vortex and half-vortex states, which are built, respectively, of four and three constituent beams. The stable multi-beam self-trapped states, composed of up to 12 constituents, have been found too. The formation of these surface modes results from the interplay of the surface effects, nonlinear- The density profile at ζ = 500 evolves from the the in-bulk vortex self-trapped nonlinear waves in Fig. 2 (a) . (b) The corresponding phase distribution for (a). (c) The density profile at ζ = 500 evolves from the in-bulk multibeam self-trapped mode in Fig. 3 (b) . (d) The density profile at ζ = 500 evolves from the surface multi-beam self-trapped mode in Fig. 3 (d) .
ity, and the PT -symmetry. Due to the surface-enhanced reflection, the discrete diffraction is stronger in the direction perpendicular to the interface than in the direction parallel to it [4] [5] [6] [7] [8] , therefore the surface modes feature stronger nonlinearity, which is necessary to balance the diffraction.
